We study, from theoretical and phenomenological angles, the Higgs boson oblique parameterĤ, as the hallmark of off-shell Higgs physics.Ĥ is defined as the Wilson coefficient of the sole dimension-6 operator that modifies the Higgs boson propagator, within a Universal EFT. Theoretically, we describe self-consistency conditions on Wilson coefficients, derived from the Källén-Lehmann representation. Phenomenologically, we demonstrate that the process gg → h * → V V is insensitive to propagator corrections fromĤ, and instead advertise four-top production as an effective high-energy probe of off-shell Higgs behaviour, crucial to break flat directions in the EFT.
Oblique corrections to gauge boson propagators have played a prominent role in the analysis of electroweak precision data [1] [2] [3] [4] [5] [6] [7] . In an effective field theory (EFT) context, at invariant momenta q 2 smaller than the heavy new-physics mass scale (here denoted by M ) the self-energy of electroweak (EW) gauge bosons can be expanded as
where the primes denote derivatives with respect to q 2 . When the expansions are truncated at order q 4 [8] [9] [10] , the leading electroweak oblique corrections are fully described by only 4 parameters, calledŜ,T ,Ŵ ,Ŷ . 1 These parameters contribute to physical amplitudes at different orders in q 2 . In particular, one findsT = O(q 0 ), Ŝ = O(q 2 ), andŴ ,Ŷ = O(q 4 ). This explains whyŜ andT are the key parameters for LEP1 analyses, whileŴ andŶ play a critical role when LEP2 data are considered [10] . Recently theŴ andŶ parameters have received renewed attention, due to the fact that their energy-growing contribution to amplitudes can be strongly constrained at high energy hadron colliders, allowing for precision EW probes at the LHC and beyond [11] [12] [13] .
In this work we focus on O(q 4 ) terms and, since the Higgs boson has now become a core component of the electroweak sector, we seek to add the Higgs analogue of thê W andŶ parameters, theĤ-parameter, to the oblique dictionary. 2 Defined within a dimension-6 EFT, theŴ ,Ŷ , andĤ parameters are
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where m h is the physical Higgs mass. The operator O = | H| 2 , where ≡ D µ D µ , is the sole one that modifies the form of the Higgs boson propagator at dimension six. Hence a constraint on theĤ-parameter can, in this basis, be thought of as a constraint on how the SM Higgs boson propagates. 3 The paper is organised as follows. As a prelude to our discussion, in sect. 2 we derive general information on UV corrections to two-point functions, such as the Higgs boson self-energy, by studying the Källén-Lehmann representation. These results are employed to determine consistency conditions on the sign of theĤ-parameter as well as the momentum expansion. The physical interpretation of these results is also illustrated with some examples.
In sect. 3 we discuss the EFT interpretation of O from a number of directions. Our analogy begins with the precision EW parameters, which have an obvious UV interpretation in the context of scenarios in which all new physics interacts primarily with the gauge and Higgs sector, known as the 'Universal' class of EFTs. We also show that, even within the restricted class of Universal theories, the onshell Higgs coupling measurements alone cannot unambiguously constrain theĤparameter, making it a prime and challenging phenomenological target for future Higgs studies. In sect. 4 we then provide explicit examples of UV completions that illustrate how O emerges at low energy together with other operators involving the Higgs field.
In sect. 5 we study phenomenological aspects of O and show that, whenever an EFT description is valid, the commonly considered process for off-shell Higgs physics O (p 2 ) h h gg → h * → ZZ is in fact insensitive to the energy-growing contribution from theĤparameter, making this a poor probe of off-shell Higgs behaviour in this context. On the contrary, we demonstrate that tttt production provides a complementary future probe of theĤ-parameter and off-shell Higgs physics.
Prelude: two-point functions and Källén-Lehmann
We begin in a spirit of generality, to gain some theoretical insight on features of UV modifications of the Higgs propagator without yet committing to specific examples. Consider the SM in the broken electroweak phase, with interactions involving new fields
In L Int we consider coupling the Higgs boson to some additional external operator O as
We take the coupling constant κ to be dimensionless and absorb all dimensionful parameters in the definition of O. At leading order in κ, the correction to the Higgs boson self-energy is given diagrammatically as in fig. 1 . This correction is related to the two-point function for O as
This Green's function has a Källén-Lehmann representation [14, 15] , and applies to composite operators as well as elementary fields. This representation is given by
where the spectral density function for the composite operator O must be positive: ρ O (q 2 ) 0. This result may be used to determine the structure of the Higgs selfenergy corrections.
Subtractions and renormalisation
Depending on the form of the operator O, the lowest order terms in the p 2 expansion of Σ 0 h (p 2 ) may not be finite. However, we will assume that the underlying theory is renormalisable, such that only Σ 0 h (0) and dΣ 0 h (p 2 )/dp 2 p 2 =0 contain divergences which are absorbed by mass and wavefunction renormalisation for the Higgs. This restricts the set of UV theories under consideration because, unlike the case of 2 → 2 S-matrix amplitudes, here we have no strict upper bound on the number of subtractions that may be required in a general quantum field theory (QFT). Put another way, for two-point Green's functions we do not have a constraint analogous to the Froissart bound [16] . Furthermore, even for 2 → 2 S-matrix elements where one can apply the Froissart bound it is not, in full generality, possible to rule out the requirement for a subtraction which corresponds to a dimension-6 operator in the EFT. As a result, typically only dimension-8 EFT operators can be constrained with analyticity arguments. Nonetheless, assuming less generality, it is still possible to set bounds on dimension-6 operators, as was considered in [17] [18] [19] [20] . 4 Here by assuming that mass and wavefunction counterterms suffice, as this hypothesis applies to the renormalisable QFTs we typically encounter in weak-scale models, the scope of applicability is limited to specific classes of UV theories.
Nonetheless, proceeding with this assumption, we write the renormalised selfenergy as
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and choose to canonically normalise the Higgs field and set its mass to the physical value through the choice
Furthermore, we will assume that the operator O only creates states from the vacuum with invariant mass above a certain mass gap M . In other words
This is simply the assumption that an EFT treatment below M is appropriate. Including this mass gap and the renormalisation conditions, the renormalised selfenergy takes the twice-subtracted form
For p 2 M 2 , which is the case of interest for EFT considerations, we have that Σ h (p 2 ) is real. By Taylor expanding we find
In the plane spanned by c 1 and c 2 (the two leading coefficients of the self-energy derivative expansion) we show how the constraints from (i) positivity, (ii) convergence, (iii) perturbative unitarity single out a theoretically-allowed bounded region. An experimental measurement of a 1 and a 2 (the first two terms in a momentum expansion) selects the curve c 2 = c 2 1 a 2 /a 2 1 . Examples of these curves (for different values of a 2 /a 2 1 ) are shown by solid red lines, which are generated by varying the cutoff mass M . The value of M increases along the direction of the arrows. The stronger bound on M comes from convergence when a 2 1 /a 2 4π and from perturbative unitarity when a 2 1 /a 2 4π.
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f n (y) = 1 − (n + 1)y n + ny n+1 1 − y .
(2.11)
Thus, even though we do not know the nature of the states that the Higgs may be coupled to, we can conclude that for p 2 M 2 all corrections to the Higgs propagator are expressed as a polynomial in p 2 /M 2 , as expected from an EFT description.
Consistency conditions
From the results in eqs. (2.9)-(2.10) we can derive some general consistency conditions on the coefficients c n of the EFT expansion that follow from the Källén-Lehmann representation.
(i) Positivity
We observe from eq. (2.10) that the Källén-Lehmann representation requires all coefficients of the EFT expansion to be positive c n 0 ∀n (positivity).
(2.12) Also, either all coefficients are strictly positive (c n > 0 ∀n) or they all vanish simultaneously (c n = 0 ∀n). This result is reminiscent of the positivity constraints derived in [22] , and is relevant to our study because it implies that the Higgs oblique parameter is positive (Ĥ 0) in typical QFT UV-completions. When applied to EW gauge bosons, the same logic implies that the oblique parametersŶ andŴ must be positive, as observed in ref. [23] . The same authors also pointed out that if the SM gauge group is extended in the UV, then additional ghost states in the UV completion could contribute negatively to ρ O (q 2 ), invalidating the positivity condition. This caveat also applies for the Higgs.
(ii) Convergence
A further consequence of eq. (2.10) is
This inequality is saturated in the case of single-state tree-level exchange in which ρ O (q 2 ) ∝ δ(q 2 − M 2 ) and all c n are equal. The condition in eq. (2.13) implies that higher orders in the EFT expansion are not only suppressed by additional powers of p 2 /M 2 (which is smaller than one, whenever the EFT is valid), but their corresponding Wilson coefficients also become progressively smaller. This means that the EFT series is absolutely convergent, since eq. (2.13) ensures that D'Alembert's criterion is satisfied. 5 This is the reason for referring to this as the 'convergence' condition in eq. (2.13).
The 'convergence' condition could be in principle checked experimentally by making precise measurements sensitive to higher-order effects in the EFT expansion. From the EFT point of view, the Wilson coefficients are not observables, but only the combinations a n ≡ c n /M 2n are measurable. Suppose that one could measure two successive coefficients a n and a n+1 . For any set of EFT operators satisfying the Källén-Lehmann representation, the 'convergence' condition in eq. (2.13) implies that the mass scale characterising the onset of new physics must satisfy M 2 a n a n+1 ∀n (convergence).
Thus, if consecutive powers in the EFT expansion were measured, one could in principle place a theoretical upper bound on the value of the true cutoff which, as we will show in the following, could be more restrictive than the constraint derived from requiring perturbative unitarity.
(iii) Perturbative unitarity
An upper bound on the coefficients c n can be obtained by imposing perturbative unitarity. Consider a two-to-two scattering process mediated at tree-level by Higgs exchange. We require that the corresponding amplitude must satisfy the unitarity constraint following from the optical theorem for any energy within the validity of the EFT. In practice, this means setting s = M 2 in the scattering amplitude and translating the unitarity bound into a constraint on the coefficients c n . The corresponding bound is process-dependent but roughly corresponds to a limit of order 4π on a linear combination of the c n , leading to c n 4π ∀n (perturbative unitarity).
(2.15) A precise determination of the limit is not possible, since the choice s = M 2 means that we are working at the edge of the EFT validity and the expansion is not under control.
Combining the three conditions
It is interesting to compare the impact of the three conditions ('positivity', 'convergence', 'perturbative unitarity') on the allowed values of the Wilson coefficients. This can be simply done by restricting our considerations to the first two coefficients in the EFT expansion in eq. (2.9) and visualising the conditions in the plane c 1 -c 2 , as shown in fig. 2 . This figure illustrates the complementarity of the different conditions which, when combined, single out a special region which is the only one allowed by theoretical considerations. Experiments cannot directly determine c 1,2 but measurements of a 1,2 identify a curve in the plane of fig. 2 . Varying the unknown cutoff M will trace out the parabola c 2 = c 2 1 (a 2 /a 2 1 ). This curve starts at the finite value c 1 = a 1 E 2 , where E is the typical energy of the process at which a 1 is measured. Lower values of c 1 violate the EFT validity.
As we increase the value of M , we move up along the curve until we hit either the 'convergence' or the 'perturbative unitarity' bound. This establishes a limit on the new-physics mass M . Whenever a 2 1 /a 2 4π, 'convergence' gives a stronger limit on M than the more familiar 'perturbative unitarity' limit, see fig. 2 .
These observations are made with a view towards the Higgs boson two-point function, which concerns the rest of this paper. It is worth noting that it may be possible to derive similar convergence conditions for the case of forward scattering amplitudes, since they have dispersion relations, somewhat analogous to that of Källén-Lehmann, where positivity follows from the optical theorem. This would be advantageous as it would elevate the convergence relations to the level of scattering amplitudes, eliminating the need for any consideration of EFT bases. For illustration, in appendix A we include a jovial application of convergence to string theory amplitudes.
Scherzando: gedanken measurements
In this spirit we will present some examples of how experimental measurements combined with the 'convergence' condition can lead to stringent constraints on the cutoff mass M , derived from a purely low-energy perspective. Although these example are fictitious, as they are based on EFT of which we already know the UV completion, they illustrate the procedure that can be in principle applied to future experiments where the SM plays the role of the EFT. These examples also explain how the 'convergence' condition can be of utility in scenarios that go beyond two-point functions.
Muon decay
As a purely academic (albeit hopefully instructive) exercise, imagine a civilisation that has never performed experiments at energy higher than a few hundred MeV and instead measured muon decay ad nauseam. With impressive theoretical insight, the physicists of this unlucky civilisation assume that muon decay is mediated by a charged vector operator involving unknown UV dynamics that couples to leptons as
One can integrate out this operator using the Källén-Lehmann prescription, which for a vector operator gives
When calculating the matrix element for µ → eν µνe , mediated by this propagator, the p α p β terms will generate powers of m e which can be ignored since m e m µ . As a result, the two leading terms of the generated tower of higher-dimension operators are
While terrestrial physicists have the privilege of knowing the SM result a 1 = g 2 /8m 2 W , a 2 = g 2 /8m 4 W , our fictitious physicists can only make the following inference from the 'positivity' and 'convergence' criteria in eq. (2.12) and (2.14)
where m W is the cutoff mass. However, our gedanken civilisation can benefit from precise experimental measurements of the differential muon decay rate, which is given by
where x = 2E e /m µ with E e being the electron momentum in the LAB frame and the electron mass has been neglected. Suppose one had a measurement of the decay rate with a fractional uncertainty which is about a factor 6 stronger than what is known today. Then, by binning in the final state electron energy, one could extract a 90% CL lower bound on m 2 µ a 2 /a 1 at the level of 3 × 10 −7 . Using the 'convergence' criterion in eq. (2.20), one derives a theoretical upper bound on the EFT cutoff of m W 190 GeV.
Note that this constraint on m W is much stronger than the bound from 'perturbative unitarity' of the Fermi theory (m W √ 4π v ∼ 900 GeV), as it could have been guessed from the start since the condition a 2 1 /a 2 4π is amply satisfied in the SM.
Here, for simplicity of presentation, we have neglected mass corrections O(m 2 e /m 2 µ ) and radiative corrections O(α/π), but these can be included in a more realistic calculation of the bound on m W . However, it is important to stress that none of these IR effects can generate O(E 4 e ) terms in dΓ µ /dE e , which are instead induced by a 2 , see eq. (2.21). These energy-growing terms are characteristic of a 2 and are the reason for the enhanced sensitivity on the UV features of the theory.
By improving further the precision on the measurements of the muon decay energy spectrum and the EFT theoretical prediction by computing QED radiative corrections up to the appropriate loop order, one could obtain tighter bounds from 'convergence', in principle all the way up to saturating the physical value of m W . This example shows how the 'convergence' criterion combined with precise measurements can yield information about the EFT cutoff mass.
Lepton forward-backward asymmetry
Imagine now a slightly more advanced civilisation that can build high-energy colliders, although without reaching the threshold for weak gauge boson production. Those physicists can measure the forward-backward asymmetry in e + e − → µ + µ − , i.e. the normalised difference in the number of events in the forward and backward hemispheres as defined by the same-charge flow. At energies below the Z-boson resonance, the effect comes from the interference between photon exchange and an axial-vector four-fermion interaction parametrised as
truncating the expansion at dimension-8. In the SM at leading order,
In the EFT, the forward-backward asymmetry is given by
where √ s is the centre-of-mass energy and α is the QED structure constant. The term proportional to a 2 /a 1 grows with the collider energy.
Just as an example, we fit all available PDG data [24] on e + e − in the range √ s = 29-45 GeV. Profiling over a 1 , we find a 2 /a 1 > (170 GeV) −2 at 90% CL which, using the 'convergence' condition in eq. (2.14), translates into the bound m Z 170 GeV. This example, when compared to the case of muon decay, shows the importance of probing the EFT at higher energy. Since one is after the term E 2 a 2 /a 1 , where E is the typical energy of the process, similar bounds on the cutoff mass M can be obtained with limited precision at high energy or with high precision at low energy.
We conclude this section by recalling the academic spirit of our discussion. The application of this procedure is practically limited by the fact that other unknown new-physics effects make the extraction of the propagator corrections in general ambiguous. Closing this digression, we return to the case at hand, which is the SM.
Universal EFTs

Operator analysis
Before considering the general phenomenological picture for O , we will discuss the broader context into which this operator fits. Looking at the microscopic origin of dimension-6 operators in the EFT, save for one specific example we will return to later, we expect that general new physics scenarios will not generate only the operator O at the matching scale, but also a variety of other operators.
With this in mind, there is a very broad class of UV theories which single out a particular set of EFT operators at the matching scale, within which theĤ-parameter is well defined as the Wilson coefficient of O . This is none other than the class of Universal theories [10, 25] . Here we broadly define an EFT to be Universal when there exists a field basis in which all leading-order effects are captured at dimension 6 by operators containing only SM bosonic fields. The complete list of these operators (up to total derivatives) is given in table 1. Note that this definition captures all scenarios in which new heavy states interact primarily with the bosons of the SM. It also captures scenarios in which the new physics couples to quarks and leptons through the SM gauge currents J µ W , J µ B and J µ G , or to the SM Higgs scalar current J H , which we define as
This is because, through appropriate field redefinitions, the generated operators involving these currents can be rewritten in terms of bosonic fields only. Similarly, operators containing quarks and leptons in exactly the same combination as the SM scalar current can be redefined by using the Higgs equation of motion H = J H . In many conventional EFT bases [26] [27] [28] , for computational convenience the operator O is replaced with J 2 H after field redefinition. Here, we prefer to work in a 'Higgs-only' Table 1 . The complete set of CP-even operators (up to total derivatives) in the Universal basis, as they appear in the Lagrangian, divided into three classes: 'Higgs-only' (operators containing only the Higgs doublet and covariant derivatives), 'gauge-only' (operators containing gauge field strengths and covariant derivatives), and 'mixed gauge-Higgs'. The Wilson coefficients of 'Higgs-only' operators carry the power of the Higgs sector couplings (generically denoted by g * ) as indicated in the table. The Wilson coefficients of 'gaugeonly' and 'mixed gauge-Higgs' operators are dimensionless (in units of coupling). We also give the relations between oblique parameters and Wilson coefficients, which are valid in the Universal basis. We have chosen v ≈ 246 GeV.
Relations between oblique parameters and Wilson coefficientŝ
'boson-only' basis, which more clearly matches with the UV properties of a Universal theory where new physics is coupled only to EW and Higgs bosons. In table 1, we have separated the Universal operators into three classes: 'Higgsonly', 'gauge-only', and 'mixed gauge-Higgs'. The 'Higgs-only' operators have been ordered according to their dimension in units of coupling constant (for notation, see sect. 2.1 of ref. [29] ). Note that the ordering in terms of coupling dimension is useful in charting the space of microscopic completions. For instance, O and O 6 lie at two extremes of the coupling spectrum. Since the Wilson coefficient for O 6 is O(g 4 * ), it will typically be large in strongly coupled completions, but small in weakly coupled completions. On the other hand the Wilson coefficient for O may survive even in very weakly coupled completions. These extremes, and the territory in between, will be discussed in sect. 4 in some specific examples of UV completions. Although covering an interesting and broad class of models, Universal EFTs do not match to all microscopic theories. Moreover, the Universal basis is not closed under quantum corrections and RG evolution from the matching scale to the IR scale will typically populate operators not contained in the Universal basis [30] . Hence, next-to-leading order effects due to degrees of freedom both within and beyond the SM are not, in general, captured by an analysis limited to operators in the Universal basis.
Physical effects
The most characteristic effect of the oblique parameterĤ (in the Universal basis) is a modification of the SM Higgs boson propagator which, for a canonically normalised field and after mass redefinition, is
We see the direct analogy with the definition of the EW oblique parametersŴ and Y through the relation with the Higgs self-energŷ
Thus we interpret theĤ parameter as sourcing a modification of the Higgs propagator which, as shown in eq. (3.2), corresponds to a new contact term. This interpretation is of course basis-dependent, much like, for example, the value of the Higgs quartic coupling is basis dependent in an EFT. However, within Universal UV completions, this modified-propagator interpretation is of utility. In addition to the propagator correction, Higgs couplings are also modified. In this section, for illustration purposes, we will focus on the effect of 'Higgs-only' operators. In this regard, the interaction between a single Higgs and two gauge bosons is modified with respect to the SM couplings as follows
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D W = 1 + (c R − c H ) v 2 2M 2 −Ĥ 1 + ∂ 2 m 2 h , D Z = D W − 2T ,(3.
5)
where v ≈ 246 GeV. This result has been obtained by taking into account both the Higgs wave-function rescaling and the modification of the SM relation between v and m W due to Universal 'Higgs-only' operators. Note that, because of the strong experimental constraints on violations of custodial symmetry in EW data, the difference between D Z and D W is negligible for the precision that can be achieved in Higgs physics. Thus, the modification of Higgs couplings to gauge bosons is practically identical for W and Z.
As apparent from eq. (3.5), theĤ-dependent correction to the coupling with gauge bosons vanishes for on-shell Higgs bosons, where (∂ 2 + m 2 h )h = 0. It vanishes for off-shell Higgs as well, since the corrections to the propagators and vertex exactly cancel out:
(3.6)
This result simply reflects the fact that O modifies the propagator for H in the unbroken phase, where covariant derivatives include gauge fields. Thus the correlation between the effects in the gauge coupling and the propagator in the broken phase is a consequence of gauge symmetry. A more direct way of understanding this cancellation comes from making a change of basis through the substitution H → J H in O . As a result, only Higgs couplings to fermions and self-couplings show new-physics modifications, while the Higgs-gauge coupling or multi-gauge interactions remain SM-like.
An important consequence of this fact is that the one-loop process involving an off-shell Higgs boson, gg → h → ZZ, is insensitive to modifications of the Higgs boson propagator within an EFT, since all dimension-6 terms cancel, leaving only the modification of the Higgs Yukawa coupling to the top quark which is, in any case, better constrained from on-shell measurements [31] [32] [33] .
Moving now to consider fermions, we find a universal modification of the Higgs couplings to quarks and leptons of the form
In the Universal basis, this effect comes purely from the canonical rescaling of the Higgs field and the proper redefinition of m W that enters the normalisation of the SM coupling y SM f . Finally, the Higgs trilinear self-coupling is modified as
In conclusion, the 'Higgs-only' basis is described by 4 independent Wilson coefficients (c , c H , c R , c 6 ) and leads to 3 physical observables in Higgs couplings: universal modifications of h → V V and h →f f , and the Higgs trilinear vertex. Therefore, even in this restrictive class of EFT, it is not possible to unambiguously determine Ĥ by combining on-shell Higgs coupling measurements and a measurement of the trilinear coupling.
Including the 'mixed gauge-Higgs' operators adds new physical effects (h → gg, h → γγ, h → Zγ, new Lorentz structures in h → V V ) but also introduces several new free parameters. 6 The only way to break the degeneracy afflicting Higgs coupling measurements is to consider alternative probes. This is because the hallmark of thê H oblique parameter is off-shell Higgs physics. This strategy for unambiguously determiningĤ at high-energy colliders will be discussed extensively in sect. 5.
Connecting the EFT with the UV
UV completions
Universal EFTs describe a smörgåsbord of microscopic models. Explicit calculations of the leading order Wilson coefficients for specific scenarios can be found in [35] [36] [37] . Some of the examples that populate a large number of Universal operators at the same loop order, including O , are stops in supersymmetry [35] , and scenarios with vector-like leptons [37] . It is also straightforward to find examples where all of the 'Higgs-only' operators, again including O , arise at leading order, whereas the ones involving the gauge field strengths arise one loop higher in perturbation theory.
A concrete example is a two-Higgs doublet model with all scalar sector couplings included, which may also be extended with an additional complex scalar singlet. We may write this class of UV-completions as
where L SM is the SM Lagrangian including kinetic and Yukawa terms for the SM-like Higgs doublet H. To avoid ghosts we take |κ| 1, and the potential V includes a mass term parameterised as
as well as scalar interactions with a typical coupling strength g * . As expected from the coupling dimensions shown in table 1, as one takes the limit g * → 0 the theory generates only O at leading order. At low energies, we can integrate out H by using its equations of motion, finding an effective theory described by
After correcting for wave-function and mass rescaling, the tower of higher-dimension operators for a canonically normalised Higgs field is
Thus we have presented an example of UV theory in which O emerges at low energy as a leading effect, givingĤ
As expected,Ĥ turns out to be positive (for |κ| 1). Of course, by turning on the coupling g * , the other 'Higgs-only' operators will be generated as well.
As an alternative derivation of the EFT in a different, although physically equivalent, basis we can start from the theory described by eqs. (4.1)-(4.2) and diagonalise the H-H system. Let us neglect the Higgs potential terms and consider only the Yukawa interactions in the current J H , see eq. (3.1). After diagonalising, the heavy scalar has mass
where we have chosen the Higgs mass-squared such that a massless Higgs-like scalar remains. 7 Ultimately, after integrating out the heavy scalar and appropriately rescaling the Yukawa couplings, we obtain a tower of effective four-fermion operators
which is physically equivalent to eq. (4.4). TheĤ parameter iŝ
which is identical to eq. (4.5).
EFT validity
By construction, the range of EFT validity is up to energies of order M . However, through low-energy measurements we cannot determine the cutoff mass M and the Wilson coefficient c separately, but only in the combination c /M 2 ≡Ĥ/m 2 h that appears in the definition ofĤ. As the oblique parameterĤ leads to energy-growing effects, one is interested to know what is the maximum energy for which the EFT prediction can be trusted when compared with an experimental measurement. For a given value ofĤ, the maximum value of the EFT cutoff corresponds to the maximum possible value of the coefficient c . Therefore, the question of the range of the EFT validity translates into a question about the maximum value of c .
A naïve upper bound on c can be obtained by requiring that the coupling in eq. (2.2) must satisfy a generic perturbative bound κ < 4π. This motivates the limit c (4π) 2 , (4.9)
which corresponds to the request that the maximum energy for which the EFT prediction can be trusted is
We will refer to eqs. (4.9)-(4.10) as the naïve perturbativity constraint, since the UV-completion which violates these simple bounds is likely to be non-perturbative. In general, the naïve perturbativity constraint is over-optimistic and, possibly, unrealistic. This is because the corresponding value of c likely violates perturbative unitarity, as applied to some scattering process, both within the EFT itself or in the underlying UV-completion. One particularly constraining process is tt → tt scattering mediated by an off-shell Higgs. In this case, leading order perturbative unitarity is typically not violated within the regime of validity of the EFT (p 2 < M 2 ) whenever |c | 4π , (4.11)
where the precise coefficient depends on the specific process under consideration. The corresponding limit on the maximum energy for which the EFT can be trusted is
We will refer to eqs. (4.11)-(4.12) as the perturbative unitarity constraint. Both naïve perturbativity and perturbative unitarity provide useful, although qualitative, constraints to guide our phenomenological study of theĤ-parameter.
ProbingĤ at colliders
In this section we will discuss how high-energy colliders can search for the Higgs oblique parameterĤ.
On-shell probes
As shown in sect. 3.2, the oblique parameterĤ affects the on-shell Higgs couplings only with a universal modification of the interaction to fermions (usually parametrised by the coefficient κ f )
We recall that the positivity condition discussed in sect. 2 requiresĤ 0, so κ f is always reduced with respect to the SM value. The latest combined fit of the ATLAS collaboration on fermionic Higgs couplings, involving both Higgs production and decay processes and using up to 80 fb −1 of 13 TeV data [38] , giveŝ H < 0.16 at 95% CL (LHC today), (5.2) where the bound is obtained by assuming that κ f is the only new-physics effect in Higgs physics. Recent estimates of the projections of Higgs coupling measurements at the HL-LHC with 3 ab −1 [39] translate into a future bound H < 0.04 at 95% CL (HL-LHC projection). (5.3)
Off-shell probes
Off-shell Higgs exchange can affect a physical process with contributions that, at the amplitude level, scale asĤ p 2 /m 2 h . Thus, even if the measurement of such a process at high energies is not as precise as a low-energy measurement, it may still be competitive with high precision low-energy constraints, such as those from on-shell observables. Moreover, while the reach of on-shell probes given in eq. (5.3) offers a useful benchmark, we stress that off-shell probes should be carried out independently. Indeed, as shown in sect. 3.2, contributions from other operators generally present in a Universal EFT can affect, and even cancel out, modifications of SM Higgs couplings. On the contrary, the search for off-shell effects is a unique and clean test of the Higgs oblique parameterĤ.
As shown in sect. 3.2, the study of the process pp → h * → V V is futile for testinĝ H, since its energy-growing effects exactly vanish in the corresponding amplitude. The next obvious place to look for energy-growing contributions in proton colliders is tt production mediated by an off-shell Higgs. However, while the signal comes from a loop-induced process, the tt SM background is a tree-level QCD process. Thus, this channel gives an inefficient probe ofĤ.
Moreover, theĤ contribution to tt production comes from various one-loop Feynman diagrams, some of which contain a modified Higgs propagator inside the loop. This can potentially lead to a logarithmic sensitivity on the cut-off which obscures the data interpretation and introduces a model dependence.
The next process to consider is Higgs pair production. In this case, the modified Higgs propagator does not run inside the loop and there is no model-dependent cutoff sensitivity. However, the cross section falls rapidly due to the top-loop form factor, and this counteracts the energy-growing behaviour fromĤ. For instance, the total di-Higgs cross section at the 14 TeV LHC, with the cut m hh < 1.5 TeV, is modified byĤ = 0.04 at the 23% level. Given the limited sensitivity to Higgs pair production at the HL-LHC, this channel is unlikely to be competitive with on-shell constraints on theĤ-parameter at the LHC. Figure 3 . A sample of Feynman diagrams with an off-shell Higgs contribution to four-top production at the LHC (pp → tttt). It transpires that the most promising channel for off-shell probes ofĤ is a more exotic process: four-top production.
Four-top production
Here we consider the role of the process pp → tttt as a probe of the Higgs boson off-shell, see fig. 3 . Four-top production at the LHC is a rare process in the SM with cross section of 15.8 ± 3.1 fb at 14 TeV collider energy (NLO QCD + EWK) [40, 41] .
The dynamical scale choice µ R = µ F = H T /4 is particularly effective in stabilising the distribution corrections from LO to NLO [40] and will be employed in the analysis below. Here, H T is defined as the total transverse energy of the four-top system,
. Due to statistics, systematics and background, the four-top final state is challenging to observe [42] . Nonetheless, significant progress by the experimental collaborations has been made recently. Both ATLAS and CMS analysed about 36 fb −1 of 13 TeV data each [43, 44] , with constraints approaching the SM rate. Interestingly, ATLAS reported comparable sensitivities in the combination of single lepton plus opposite-sign dilepton searches when compared to the combination of same-sign dilepton plus three lepton searches. The first class of searches selects more signal events but suffers from larger systematic uncertainties. In fact, these are already now becoming a limiting factor. Therefore, to derive future projections we will focus on the second class of searches, which feature rarer but cleaner signatures.
ATLAS and CMS have also studied projections for four-top production at the HL-LHC [45, 46] (see also [47] ). Both reported the expected statistical uncertainty of 9% on the SM signal strength modifier (µ = σ/σ SM ). However, ATLAS quotes an expected sensitivity including systematics of 16%, while the CMS estimate ranges from 18% to 28%. The major source of systematic uncertainty comes from the theoretical uncertainty on signal and background normalisation. Hence, it is reasonable to expect that improved theoretical calculations of pp → tttt, ttV and ttH will considerably reduce this uncertainty. Nevertheless, to be conservative, here we show results for two benchmark scenarios, δ sys = 5% and δ sys = 20%.
The same-sign dilepton and trilepton projection analysis by ATLAS [45] exploits three particularly clean categories with at least 6 jets, out of which 3 or 4 are b-jets, yielding S/ √ B ∼ 10 and S/B in the range of 2.3 to 5.5. The total expected number of events in these categories at 14 TeV and 3 ab −1 is about 120.
We use MadGraph5 aMC@NLO [48] to perform leading-order parton-level studies of pp → tttt including the Higgs oblique parameterĤ. We adjusted the SM UFO model files to incorporate the Higgs boson propagator modification -according to the second form of eq. (3.2) -and the modification of the top Yukawa interactionkeeping only theĤ correction in eq. (3.7). To cross check the results in a different field basis we also implemented an equivalent modified top Yukawa and four-top operator in the FeynRules [49] , exported to UFO, and confirmed agreement between the two procedures. We find that at 14 TeV the fractional modification to the inclusive tttt production cross section is 4) showing competitive sensitivity to the on-shell probes already at this level. The interference effects between SM andĤ-induced diagrams are sub-leading given the expected experimental reach. We perform kinematical cuts in two variables, H T and m 4t , both of which can be reasonably well-approximated in a realistic analysis setup. Here, m 4t is the total invariant mass of the four-top system, while H T is the total transverse energy defined before. We have checked explicitly that the simulated events satisfy |p 2 h | < m 2 4t , where |p 2 h | is the maximal momentum flow in the Higgs propagator for all Feynman diagrams.
Shown in fig. 4 is the expected sensitivity (at 95% CL) onĤ for a given upper limit on m 4t ≤ M cut , after optimising the H T cut. The number of events in the final selection bin is described with Poisson distribution. The black solid (dashed) line corresponds to the overall systematic uncertainty of 5% (20%).
To assess the reliability of the EFT prediction in the plane of fig. 4 we recall the discussion in sect. 4.2. Since the energy flowing in the Higgs propagator never exceeds M cut , we can interpret M cut as the minimum possible value of the EFT cutoff and therefore c Ĥ M 2 cut /m 2 h . We then plot in fig. 4 the corresponding values of c , identifying the regions in conflict with the criteria of perturbative unitarity (c 4π) and naïve perturbativity (c (4π) 2 ). To summarise fig. 4 , future HL-LHC four-top searches will provide a competitive probe ofĤ in the off-shell Higgs regime, giving meaningful constraints on a wide class of theories featuring moderate to strong coupling constants.
While this simple analysis already illustrates the importance of the four-top production in the context of Higgs physics, it is far from unlocking the full potential of this process. We envisage a number of possible improvements. For example, tttt angular distributions could help disentangle signal from the background. In this context, we identify a suitable parton-level variable, ∆ = η t 1 + η t 2 − ηt 1 − ηt 2 which could be employed to further enhance the sensitivity. However, a realistic collider analysis is beyond the scope of this paper and the simulation of decays, showering, hadronisation and detector effects, possibly employing advanced machine learning techniques for optimised results, is left for future work.
Conclusions
The future of Higgs physics will have a course charted by precision calculations and a destination mapped by a new frontier of experimental measurements. The resulting landscape will be translated into fundamental questions: What is the nature of the Higgs boson? How does the Higgs boson interact with other particles and with itself? In this work we have advertised and studied an orthogonal, yet important, question for this programme: How does the Higgs boson propagate? Framed within a general EFT context the answer to this question is unphysical and basis-dependent. However there is a broad class of microscopic theories (called Universal theories) which single out a specific EFT basis in which this question not only becomes well-defined, but also plays a key role in mapping out the boundaries of the UV. Leading order modifications of the Higgs propagator are captured by theĤ-parameter, which is the coefficient of the operator O = | H| 2 in the Universal basis. TheĤ-parameter provides a Higgs-boson analogue to the oblique electroweak parameter programme and, since it measures the high-momentum corrections to the propagator, thus is the hallmark of off-shell Higgs physics.
In sect. 2 we set course by studying the general properties of propagators in QFT. Starting from the non-perturbative Källén-Lehmann representation, we derive some consistency conditions that must be satisfied by the Wilson coefficients of the EFT expansion. In particular, we discuss a positivity condition for the coefficients of the two-point function and a so-called convergence condition, governing the relation between successive coefficients. Convergence can be used to place upper bounds on the scale of new states if successive Wilson coefficients are measured. With regard to the Higgs boson, the Källén-Lehmann representation can be used to constrain the sign of theĤ-parameter in a very broad range of UV-completions.
Even within the limited territory of Universal EFTs, in sect. 3 it was shown that the physical effects of theĤ-parameter cannot be unambiguously constrained by on-shell Higgs coupling measurements alone. Off-shell Higgs physics becomes the natural arena to test the obliqueĤ-parameter. This promotes precision measurements involving an off-shell Higgs boson to a key exploratory role within the precision Higgs era. The off-shell processes provide information that cannot be accessed simply with on-shell measurements and is crucial to break degeneracies between Wilson coefficients in order to fully explore the space of Universal EFTs. To illustrate the possibilities to which such measurements are sensitive, a small sample of UV possibilities were discussed in sect. 4.
Finally, after exploring a variety of different off-shell processes and showing that energy-growing effects in gg → h * → V V cancel exactly, in sect. 5 four-top production was demonstrated to be a promising probe of theĤ-parameter, competing quantitatively with on-shell coupling measurements for moderately and strongly-coupled microscopic models. In conclusion, future HL-LHC studies of four-top production would provide important complementary information on Higgs-sector modifications arising in a wide range of microscopic theories, forming a crucial component in the wider effort to determine the microscopic nature of electroweak symmetry breaking.
A Bernoulli, Veneziano, and π Suppose we have a general form of a two-point function Σ or forward scattering amplitude M, which may be described by l-subtracted dispersion relations of the form Σ(s) = Furthermore, for ρ O (q 2 ) and F (q 2 ) which grow sufficiently slowly, as may be determined from, for example, the optical theorem and the Froissart bound, we observe the limiting behaviour
This has an important consequence, which is that as we take the limit n → ∞ then, for any dispersion relation, including those involving loops or strongly coupled sectors, the Wilson coefficients must asymptotically approach the value for tree-level exchange.
As an amusing application of this observation, consider the tree-level scattering amplitude for gauge boson scattering in string theory [22, 50] where the string scale is M 2 S = 1/α and the functional form is proportional to the Veneziano amplitude. The forward limit is 8 M(s) ∝ s tan α πs 2 .
(A.10)
Expanding this forward amplitude we have R n = − π 2 (2n + 2)(2n + 1)
Hence, from convergence, we find upper bounds on ratios of Bernoulli numbers − B 2n+2 B 2n
(2n + 2)(2n + 1) π 2 2 2n − 1 2 2n+2 − 1 , (A.12) and from the convergence limit we can connect the rational Bernoulli numbers to the irrational number π as lim n→∞ (2n + 2)(2n + 1)
The identity in eq. (A.13) is a well-known result in number theory and the inequality (A.12) has been recently obtained in ref. [51] . It is curious that one can turn around the argument and find these two results on Bernoulli numbers starting from the convergence criterion applied to the EFT expansion of the Veneziano amplitude. 
